Abstract. We identify a class of quasi-compact semi-separated (qcss) twisted presheaves of algebras A for which well-behaved Grothendieck abelian categories of quasi-coherent modules Qch(A) are defined. This class is stable under algebraic deformation, giving rise to a 1-1 correspondence between algebraic deformations of A and abelian deformations of Qch(A). For a qcss presheaf A, we use the Gerstenhaber-Schack (GS) complex to explicitely parameterize the first order deformations. For a twisted presheaf A with central twists, we descibe an alternative category QPr(A) of quasi-coherent presheaves which is equivalent to Qch(A), leading to an alternative, equivalent association of abelian deformations to GS cocycles of qcss presheaves of commutative algebras. Our construction applies to the restriction O of the structure sheaf of a scheme X to a finite semi-separating open affine cover (for which we have Qch(O) ∼ = Qch(X)). Under a natural identification of Gerstenhaber-Schack cohomology of O and Hochschild cohomology of X, our construction is shown to be equivalent to Toda's construction from [34] in the smooth case.
introduction
In algebraic geometry, the category Qch(X) of quasi-coherent sheaves on a scheme X is of fundamental importance. In non-commutative contexts, an important task is to find suitable replacements for this category. For a possibly noncommutative algebra A, the category Mod(A) of (right) A-modules is a natural replacement since for A commutative, we have Mod(A) ∼ = Qch(Spec(A)). This way, algebraic structures naturally giving rise to well-behaved "categories of quasicoherent sheaves" can be considered to be non-commutative algebraic counterparts of schemes (corresponding to a "choice of coordinates"). An important instance constitutes the basis for non-commutative projective geometry, in which to a sufficiently nice Z-graded algebra A, one associates a category QGr(A) of "quasicoherent graded modules", obtained as the quotient of the graded modules by the torsion modules. This is motivated by Serre's well-known result that, for A commutative, we have QGr(A) ∼ = Qch(Proj(A)) (see [32] , [37] , [36] , [5] for more details and generalizations).
In this paper, we take the "local approach" to non-commutative schemes and consider a presheaf of algebras A : U op −→ Alg(k) on a small category U as a kind of "non-commutative structure sheaf on affine opens". Mimicking the process by which a quasi-coherent sheaf is obtained by glueing modules on affine opens, we define the category of quasi-coherent modules over A to be (1.1) Qch(A) = Des(Mod A ), the descent category of the prestack Mod A of module categories on A.
Our main aim is to identify a class of presheaves of algebras A which behave well with respect to deformation. Let k be a field. For simplicity, in this paper we focus on first order deformations (in the direction of k[ǫ]). In order to understand what to expect, let us look at the situation for algebras. For a k-algebra A, the Gerstenhaber deformation theory of A is controlled by the Hochschild cohomology HH * (A) = Ext * A op ⊗A (A, A). In [27] , a deformation theory for abelian categories C was developed. This theory is controlled by an intrinsic notion of Hochschild cohomology HH * ab (C) [26] . For first order deformations, we obtain a commutative square of isomorphisms:
(1. whereĀ φ is the first order algebra deformation of A canonically associated to a Hochschild 2-cocycle φ in the Hochschild complex C(A).
The first main aim in this paper, is to construct the upper route for presheaves of algebras A. Let A : U op −→ Alg(k) be a presheaf of k-algebras on a small category U. In §2, we describe an explicit isomorphism Here, HH * (A) = Ext * A op ⊗A (A, A) is computed by the Gerstenhaber-Schack complex C GS (A) [13] , and Def tw (A) denotes first order deformations of A as a twisted presheaf (Theorem 2.21). The fact that an isomorphism exists follows for instance from combining [28] and [25] , but for our purpose we are interested in the explicit description of (1.4) based upon C GS (A). The assumption that A is itself an actual presheaf, rather than a twisted presheaf or prestack, will be removed in the subsequent paper [7] using a suitable modification of the Gerstenhaber-Schack complex. Twisted presheaves and prestacks play an important role in algebraic deformation quantization, see [18] , [35] , [40] .
The complex C GS (A) is the total complex of a first quadrant double complex, with C p,q (A) =
σ∈Np(U )
Hom k (A(cσ) ⊗q , A(dσ)),
where N (U) is the simplicial nerve of U, and dσ (resp. cσ) is the domain (resp. codomain) of a simplex σ. The differential is obtained from vertical Hochschild differentials and horizontal simplicial differentials. In particular, the bottom row C p,0 (A) is the simplicial cohomology complex C simp (A). We have
and in (1.4), a cocycle φ = (m 1 , f 1 , c 1 ) gives rise to a twisted deformationĀ φ of A in which m 1 deforms the individual algebras A(U ), f 1 deforms the restriction maps, and c 1 introduces twists. If A is a presheaf of commutative algebras, the bottom row C simp (A) splits off as a direct summand of the complex C GS (A), corresponding to the fact that every deformationĀ φ has central twists and an underlying presheafĀ φ =Ā (m1,f1,0) associated to the cocycle (m 1 , f 1 , 0). For a twisted presheaf A with central twists, we describe a category QPr(A) of quasi-coherent presheaves, closer in spirit to the twisted sheaves considered for instance in [3] , and equivalent to the category Qch(A) (Theorem 4.12).
Motivated by the fact that twisted presheaves of algebras naturally occur as deformations of presheaves, we consider definition (1.1) a priori for arbitrary twisted presheaves (or prestacks) A. In order for Qch(A) to be well-behaved under deformation, we impose a number of "geometric" conditions upon A in §4.
The first condition is actually independent of deformation theory: in order that Qch(A) is a Grothendieck abelian category, we impose that the restriction functors u * : A(U ) −→ A(V ) for u : V −→ U in U give rise to the induced − ⊗ A(U) A(V ) : Mod(A(U )) −→ Mod(A(V )) being exact (Theorem 4.14). Our framework encompasses the framework considered in [8] .
A fundamental notion in deformation theory is flatness, and in [27] , a suitable notion of flatness for abelian categories was introduced. In order that Qch(A) becomes flat (over a commutative ground ring -which in our setup will be k[ǫ]), we further impose the following conditions:
(1) U is a finite poset with binary meets; (2) The functors − ⊗ A(U) A(V ) are the exact left adjoints of compatible localization functors. A prestack A satisfying these conditions is called a quasi-compact semi-separated (qcss) prestack. In Theorem 5.10, we prove that for a qcss prestack A, there is an isomorphism (1.6) Ψ The prime example of a qcss presheaf is the restriction O = O X | U of the structure sheaf of a scheme X to a finite semi-separating cover U (i.e. an open affine cover closed under intersections). Suppose from now on that Q ⊆ k. In [34] , Toda describes, for a smooth quasi-compact separated scheme X, a construction which associates to an element u ∈ HH 2 (X) = Ext 2 X×X (O X , O X ), a certain k[ǫ]-linear abelian category Qch(X, u) which he considers to be a "first order deformation" of Qch(X). This category is not a priori an abelian deformation in the sense of [27] . The second main aim in this paper is to clarify the relation between Toda's construction and the map Ψ O from (1.7). Concretely, Toda's starting point is an element u in
The resemblance between (1.5) and (1.8) is no coincidence. In order to understand it properly, we devote §3 to a discussion of Gerstenhaber and Schack's Hodge decomposition of HH n (A) for presheaves of commutative algebras A, from which we deduce an HKR decomposition in the smooth case (Theorem 3.3). When applied to the restricted structure sheaf O = O X | U of a smooth semi-separated scheme, the decomposition translates into (1.8) and we obtain (1.9) HH n (O) ∼ = HH n HKR (X, U) (the application to smooth complex projective varieties is treated by Gerstenhaber and Schack in [13] , and motivated their work). Note that when combined with the isomorphism HH n (X) ∼ = HH n (O) proved for a quasi-compact separated scheme in [26] , (1.9) yields the classical HKR decomposition formula for schemes, proved for instance by Swan [33] and Yekutieli [39] under stronger finiteness assumptions. The possibility to interpret the Hochschild cohomology HH 2 (X) in terms of noncommutative deformations of X is an important ingredient in the Homological Mirror Symmetry setup [17] .
In Theorem 5.12, we show that if φ ∈ HH 2 (O) corresponds to u ∈ HH 2 HKR (X, U) under (1.9), then for the image Ψ O (φ) = Qch(Ō φ ) of φ under (1.7), there are equivalences of abelian categories Qch(Ō φ ) ∼ = QPr(Ō φ ) ∼ = Qch(X, u).
The intermediate category of quasi-coherent presheaves QPr(Ō φ ) is essential in the proof of the theorem.
In case X is a quasi-compact semi-separated scheme, it follows in particular that Qch(X, u) is an abelian deformation of Qch(X) in the sense of [27] and the general theory, including the obstruction theory for lifting objects [23] , applies. This is used for instance by Macrì and Stellari in the context of an infinitesimal derived Torelli theorem for K3 surfaces [29, §3] .
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The Gerstenhaber-Schack complex and twisted deformations
Let A be a presheaf of algebras on a small category U. In [13] , [14] , Gerstenhaber and Schack introduce the Hochschild cohomology of presheaves of algebras to be HH n (A) = Ext n Bimod(A) (A, A), computed in the category Bimod(A) of bimodules over A, and they describe an explicit complex C GS (A) computing this cohomology. In contrast with the situation for algebra deformations studied by Gerstenhaber in [9] , [10] , there is no perfect match between the second Hochschild cohomology and the natural first order deformations of A as a presheaf of algebras. In order to describe the latter, one has to restrict the attention to a subcomplex of the complex C GS (A) [11] .
In [25] , [28] , new light is thrown on the situation, showing that the Hochschild cohomology of A is in fact naturally related to deformations of A not as a presheaf, but rather as a twisted presheaf of algebras. This is argued in two steps. In step one, the presheaf A is turned into an associated fibered U-graded category a by a k-linear version of the Grothendieck construction [1], with a graded Hochschild complex C U (a). By a new version of the Cohomology Comparison Theorem [28] , C U (A) also computes HH n (A). In step two, described in [25] , the complex C U (a) is seen to control the deformation theory of the fibered category a, which in turn is equivalent to the deformation theory of A as a twisted presheaf.
An advantage of this approach, is the fact that the complex C U (a) (in contrast to C GS (A)) has all the relevant higher structure to control a full higher order deformation theory. There is however a disadvantage: in the associated fibered category to a twisted presheaf, the typical three pieces of data determining the algebraic structure (the multiplications of the algebras, the restriction maps, and the twist elements) are mixed into a single algebraic operation (the composition of the category), and by deforming this operation at once, we lose our immediate grip on how the three individual pieces of structure deform.
In contrast, in degree two of the Gerstenhaber-Schack complex we have
where the three pieces of this decomposition allow us to encode the three pieces of data necessary to describe a first order deformation of A as a twisted presheaf. In this section, we give a direct proof that H 2 C GS (A) classifies deformations of A as a twisted presheaf of algebras (Proposition 2.21).
Throughout, let k be a commutative ring with unit and let k[ǫ] be the ring of dual numbers. We always assume that algebras have units, morphisms between algebras preserve units, modules are unital.
2.1. Hochschild cohomology of algebras. In this section, we briefly recall the basic definition of the Hochschild complex of an algebra, as well as its classical relation with first order deformations.
Let A be a k-algebra and M an A-bimodule. The Hochschild complex
Hoch (φ)(a n , a n−1 , . . . , a 0 ) =a n φ(a n−1 , . . . , a 0 )
(−1) i+1 φ(a n , . . . , a n−i a n−i−1 , . . . , a 0 )
A cochain φ ∈ C n (A, M ) is called normalized if φ(a n−1 , . . . , a 0 ) = 0 as soon as a i = 1 for some 0 ≤ i ≤ n − 1. The normalized cochains constitute a subcomplex
The Hochschild complex of A is the complex C(A) = C(A, A). Note that the multiplication m on A is an element m ∈ C 2 (A). The Hochschild cohomology of A is HH n (A) = H n C(A).
, such that the unit ofĀ is the same as the unit of A.
For two deformations (Ā,m) and (Ā ′ ,m ′ ) of A an equivalence of deformations is given by an isomorphism of the form 1 + gǫ :Ā −→Ā ′ with g ∈ C 1 (A).
Let Def alg (A) denote the set of first order deformations of A up to equivalence of deformations.
(
We have an isomorphism of sets
Hence HH 2 (A) ∼ = H 2C (A) classifies first order deformations of A up to equivalence.
The following easy observation will be important later on:
Finally, we discuss the operation of taking opposites. For a k-algebra A = (A, m), let Mod r (A), Mod l (A), Bimod(A) be the categories of right modules, left modules and bimodules respectively. Let A op = (A op , m op ) be the opposite algebra, i.e.
A op = A as k-modules and m op (a, b) = m(b, a). Taking the opposite algebra defines a self inverse automorphism of the category Alg(k), sending a morphism f : A −→ B of k-algebras to the morphism f op : 
. . , a n−1 ) and
These operations are compatible with the Hochschild differential, whence they define an isomorphism of complexes (−)
Example 2.4. Let a, b, c ∈ A. For n = 0, we have
In particular, for a k-algebra A = (A, m) and morphism of k-algebras f :
op are as defined before. We further obtain the following almost tautological relation with deformations:
2.2.
Simplicial cohomology of presheaves. In this section we introduce a simplicial cohomology complex associated to two arbitrary presheaves of k-modules.
If we take the first presheaf equal to the constant presheaf k, we recover the usual simplicial cohomology of the second presheaf. Let U be a small category and let F = (F , f ) and G = (G, g) be presheaves of k-modules with restriction maps f u :
Let N (U) be the simplicial nerve of U. Our standard notation for a p-simplex σ ∈ N p (U) is
If confusion can arise, we write
As part of the simplicial structure of N (U), we have maps
and
Every ∂ i gives rise to a map
which we now describe.
For i = 1, . . . , p, note that cσ = c∂ i σ and dσ = d∂ i σ so we can put
Next we define d 0 φ σ as the following composition:
Finally we define d p+1 φ σ as the following composition:
We define
Lemma 2.6. d 2 simp = 0. Example 2.7. Take G = k the constant presheaf. Then we obtain
The cohomology of this complex is called the simplicial presheaf cohomology of F , and is denoted by
is said to be reduced if φ σ = 0 whenever σ is degenerate. All 0-cochains are reduced by convention. It is easy to see that d simp preserves reduced cochains and hence we obtain a subcomplex
for some i ≤ j}.
There is a sequence of complexes
Lemma 2.8. The inclusion l :
Proof. First of all, let us prove
. By the same argument as above, we have θ 1 ∈ F j−1 C p−1 and θ − (−1)
Notice that for every fixed p, the filtration F • C p is stationary. By Lemma 2.8, we have
where
an equivalence of deformations is given by an isomorphism of the form g = 1 + g 1 ǫ where g 1 ∈ C 0 simp (F , F ). Proposition 2.11. Let F = (F , f ) be a presheaf of k-modules.
is a first order deformation of F if and only if f 1 is reduced and
The first cohomology group H 1 (F , F ) classifies first order deformations of F up to equivalence. 2.3. Simplicial presheaf complex. In this section, we introduce a simplicial complex of presheaves associated to an arbitrary presheaf of algebras.
Let (A, m, f ) be a presheaf on U. For U ∈ U, we obtain an induced presheaf A| U on U/U with A| U (V −→ U ) = A(V ). We identify σ ∈ N n (U/U ) with the object dσ −→ U in U/U by composing all morphisms of σ. For n ≥ 0, we define a presheaf
endowed with the product algebra structure m n,U . For
. Thus, we obtain restriction maps
finishing the definition of A n . Next, we define a morphism of presheaves ϕ n : A n −→ A n+1 . The maps
give rise to the desired maps ϕ n,U :
Proof. Let ε : A −→ A 0 be the obvious map induced by f . It is easy to verify Im(ε) = Ker(ϕ 0 ), and ε is injective since f 1U is identity map.
2.4. The Gerstenhaber-Schack complex. Let U be a small category and let
be a presheaf of k-algebras with restriction maps denoted by
In [13] , Gerstenhaber and Schack define the complex C GS (A) which combines Hochschild and simplicial complexes. For p, q ≥ 0, we put
We obtain a double complex in the following way. For fixed q, we have
which we endow with the (horizontal) simplicial differential d simp from §2.2. For fixed p, we have 
σ is normalized, and it is called reduced if φ σ = 0 whenever σ is degenerate. The normalized cochains form a subcomplexC 
Proof. For the inclusionC
, the proof can be found in [13] . For the complex C GS (A), we obtain a subcomplex C tGS (A) by eliminating the bottom row. Precisely, we have C tGS (A) n = ⊕ p+q=n,q≥1 C p,q (A) with the induced differential d GS . We call the resulting complex the truncated Hochschild complex. Similarly, we obtain the truncated normalized Hochschild complexC tGS (A) and the truncated normalized reduced Hochschild complexC
There is an exact sequence of complexes
where the cokernel is obtained from the projection onto the bottom row C p,0 (A) of the double complex C p,q (A).
Proposition 2.14. Let A be a presheaf of commutative k-algebras. The bottom row C •,0 (A) = C simp (A) is a subcomplex of C GS (A) and the canonical projection C GS (A) −→ C tGS (A) is a morphism of complexes, canonically splitting the sequence (2.4) as a sequence of complexes whence we have
Similarly, we haveC
Proof. In the double complex C p,q (A), the maps from
are determined by the maps d 
These isomorphisms are compatible with the Hochschild and simplicial differentials, whence they give rise to isomorphisms
, with the resulting cohomology isomorphisms.
2.5. The situation in low degrees. Let A be a presheaf of k-algebras as before. Let us list the ingredients in C n (A) = C n GS (A) for n = 0, 1, 2, 3 and describe the differentials.
When n = 0, we have
The differentials are given by
2.6. Twisted presheaves. Twisted presheaves of algebras are natural variants of presheaves, which only satisfy the composition law for restriction maps up to conjugation by invertible elements.
Definition 2.15. A twisted presheaf of k-algebras A = (A, m, f, c, z) on U consists of the following data:
• for every U ∈ U an invertible element z U ∈ A(U ) such that for every a ∈ A(U ) we have
These data further satisfy the following compatibility conditions:
for every triple w : Example 2.17. Consider a twisted presheaf A = (A, m, f, c, z). We obtain the opposite twisted presheaf
One checks that this indeed defines a twisted presheaf. We have
′ consists of the following data:
These data further satisfy the following compatibility conditions: for any v :
Morphisms can be composed, and every twisted presheaf A has an identity morphism 1 A with g U = 1 A(U) and τ u = 1 ∈ A(V ). A morphism of twisted presheaves (g, τ ) : A −→ A ′ is an isomorphism if and only if g U is an isomorphism of k-algebras for each U .
Example 2.19. Let A be a twisted presheaf with opposite twisted presheaf A op as in Example 2.17. Putting g U = 1 A(U) and τ u = 1 ∈ A(V ) defines a morphism (whence, an isomorphism) of twisted presheaves (g, τ ) : A −→ A op if and only if A is a twisted presheaf of commutative algebras with c = 1 and z = 1, i.e. it is a presheaf of commutative algebras.
It is proved in [25] that any twisted presheaf (A, m, f, c, z) is isomorphic to one of the form (A ′ , m ′ , f ′ , c ′ , 1). In this paper, we always work with twisted presheaves with z = 1 and we write them as (A, m, f, c). (1) (a) A first order twisted deformation of A is given by a twisted presheaf
an equivalence of twisted deformations is given by an isomorphism of the form
are two presheaf deformations of (A, m, f ), then an equivalence of presheaf deformations is given by an isomorphism of presheaves of the form g = 1 + g 1 ǫ for g 1 ∈ C 0,1 (A).
Let Def tw (A) denote the set of twisted deformations of a twisted presheaf A up to equivalence of twisted deformations, and let Def pr (A) denote the set of presheaf deformations of a presheaf A up to equivalence of presheaf deformations. Theorem 2.21. Let A = (A, m, f ) be a presheaf of k-algebras with GerstenhaberSchack complex C GS (A).
tGS (A), and g 1 ∈ C 0,1 (A), we have that g = 1 + g 1 ǫ is an isomorphism of presheaves betweenĀ andĀ ′ if and only if
We have an isomorphism of sets Proof. We prove the (a) part. The (b) part is an easier variant and can be found in [13] .
(1) For each U ∈ U, the associativity ofm
We havez U = 1 for all U ∈ U. So for 1 U : U −→ U and a ∈ A(U ), the condition
The compatibility condition ofc is satisfied if and only if d simp (c 1 ) = 0 and c σ 1 = 0 for any degenerate 2-simplex σ.
Recall the differential d GS given in §2.5. These facts yield that (m 1 , f 1 , c 1 ) gives rise to a twisted deformation if and only if it is a normalized reduced cocycle.
(2) The map g = 1 + g 1 ǫ is a morphism of algebras if and only if
is an isomorphism between A and A ′ if and only if (g 1 , −τ 1 ) is a normalized reduced cochain and (1) In [25] (based upon [28] ), Proposition 2.21 (3) is obtained by making use of the Hochschild complex C U (Ã) of the U-graded categoryÃ associated to A. (2) The more general question of describing deformations of arbitrary twisted presheaves (or prestacks) in terms of a Gerstenhaber-Schack type complex is treated in [7] .
is not endowed with a B ∞ -structure. Nevertheless, there is an obstruction theory related to higher order deformations. Details will appear in [6] .
The relation between the isomorphism (−) op : C GS (A) −→ C GS (A op ) and twisted deformations is as follows (see Example 2.17).
Proposition 2.23. Let (A, m, f ) be a presheaf with opposite presheaf (A op , m * , f * ).
GS (A op ) be the associated opposite cocycle. The associated first order twisted deformations
GS (A) with corresponding first order twisted deformationĀ
ThenĀ is a twisted presheaf with central twists and the underlying presheafĀ corresponds to (m 1 , f 1 ) ∈ Z 2C′ tGS (A). Proof. This follows from Lemma 2.3.
From Hodge to HKR decomposition
Throughout this section, we assume that Q ⊆ k. In [16] , Hochschild, Kostant and Rosenberg proved the famous HKR theorem for a regular affine algebra A, which states that the anti-symmetrization map
is an isomorphism. Let X be a quasi-compact separated scheme. The Hochschild cohomology of X is defined as
For a smooth scheme, we have the following HKR decomposition into sheaf cohomologies:
Various proofs of this statement exist in the literature. In [33] , the decomposition is proved for smooth quasi-projective schemes, and in [39] it is proved for smooth separated finite type schemes (under a somewhat weaker condition than Q ⊆ k).
On the other hand, in [11] , the authors relate the decomposition at the right hand side of (3.2) to their Hochschild cohomology of presheaves of algebras in the following way. Let U be an open affine cover of X closed under intersections and consider the restriction O X | U of the structure sheaf to this cover. If X is a smooth complex projective variety, they prove the existence of a decomposition
The decomposition (3.3) results from a combination of a purely algebraic Hodge decomposition for presheaves of commutative algebras with the classical HKR theorem. According to [26, Thm. 7.8 .1], we further have
so in combination with (3.3) this yields another proof of (3.2) . This route to a proof of (3.2) was also noted in [17] , in the context of Homological Mirror symmetry. In §3.2, we recall the Hodge decomposition for the Gerstenhaber-Schack complex of a presheaf A of commutative algebras from [11] . Under the additional assumption that the algebras are essentially of finite type and smooth (FS) and the restriction maps are flat epimorphisms of rings (FE), in §3.3 we deduce a HKR decomposition
where the cohomology groups on the right hand side are simplicial presheaf cohomologies, and T A is the tangent presheaf of A. An investigation of the Hodge decompositon in the absense of condition (FS) is work in progress [21] .
If X is a quasi-compact semi-separated scheme with semi-separating cover U, and A = O X | U , the simplicial presheaf cohomologies at the right hand side of (3.4) are isomorphic toČech cohomologies, as is detailed in §3.4 for further use later on, and to sheaf cohomologies by Leray's theorem. For X furthermore smooth, (3.4) thus translates into (3.3), leading to a proof, in the separated case, of (3.2).
3.1. Localization. In this section, we recall some facts on localization of abelian categories which will be used later on. For more details, see for instance [31] , [2] .
A fully faithful functor ι : C ′ −→ C between abelian categories is called a localization (of C) if ι has an exact left adjoint a : C −→ C ′ . The localization is called strict if it is the inclusion of a full subcategory closed under isomorphisms. Two localizations of C are called equivalent if they have the same essential image in C. Every localization is equivalent to precisely one strict localization, namely the inclusion of its essential image.
Let f : A −→ B be a morphism of rings. The morphism f is called an epimorphism of rings if it is an epimorphism in the category of non-commutative rings. The morphism f gives rise to an induced restriction of scalars functor
Lemma 3.1. The following are equivalent:
f is an epimorphism of rings. The following are equivalent:
(2) f is a (right) flat epimorphism of rings.
Now consider two localizations ι 1 : C 1 −→ C and ι 2 : C 2 −→ C with respective left adjoints a 1 and a 2 and with q 1 = ι 1 a 1 and q 2 = ι 2 a 2 . The localizations are called compatible if q 1 q 2 ∼ = q 2 q 1 . If the two compatible localizations are strict, the intersection defines a new strict localization ι : C 1 ∩ C 2 −→ C with left adjoint a and ιa = q = q 1 q 2 ∼ = q 2 q 1 . Consequently, we can define the intersection of arbitrary localizations up to equivalence of localizations as the intersection of the two strict representatives. (
3.2. The Hodge decomposition. In this section, following [13] , [12] , we describe the Hodge decomposition of the Gerstenhaber-Schack complex of a presheaf of commutative algebras.
The Hodge decomposition is based upon the existence, for each n ≥ 1, of a collection of pairwise orthogonal idempotents e n (r) for 1 ≤ r ≤ n in the group algebra QS n of the n-th symmetric group S n . These idempotents satisfy n r=1 e n (r) = 1. We further put e n (0) = 0 for n ≥ 1, e n (r) = 0 for r > n and e 0 (0) = 1 ∈ Q.
Let A be a commutative k-algebra and M a symmetric bimodule. We obtain a subcomplex C(A, M ) r ⊆ C(A, M ) with C n (A, M ) r = C(A, M )e n (r) and a Hodge decomposition of complexes
Taking cohomology yields the Hodge decomposition of the Hochschild cohomology of a commutative algebra. We refer the reader to [12] for the details. Now let U be a small category and A : U op −→ CommAlg(k) a presheaf of commutative k-algebras. Recall the double complex given in §2.4,
Since A(U ) is a commutative algebra for any U ∈ U, there is the Hodge decomposition
It follows that there is a decomposition of every C p,q (A). Since the vertical dif-
In order to induce a decomposition of the total complex, it suffices to prove that the horizontal differentials d simp also preserve the Hodge decomposition. When U is a poset, the proof can be found in [14] . In the general case, the argument is similar. Let us give a brief explanation.
Let
Thus following the notations in §2.2,
Taking cohomology yields the Hodge decomposition for HH(A).
Note that we have C GS (A) 0 = C simp (A) and ⊕ r∈N0 C GS (A) r = C tGS (A).
3.3. From Hodge to simplicial HKR decomposition. In [11, §28] , the authors combine the Hodge decomposition (3.6) with the classical HKR theorem [16] in order to obtain the HKR decomposition (3.3) for smooth complex projective varieties.
In this section, we present the argument in a somewhat abstracted setting. First, we recall the HKR theorem following [38, Theorem 9.4.7] . Let A be a commutative k-algebra. Let I be the kernel of the multiplication map A ⊗ k A −→ A and I 2 the image of I ⊗ k I −→ I. We obtain the A-module of differentials Ω A = I/I 2 and its dual T A = Hom A (Ω A , A) ∼ = Der(A). For the Hochschild homology HH n (A) and cohomology HH n (A), there are natural k-linear anti-symmetrization morphisms Ω
If A is an essentially of finite type, smooth algebra, these morphisms are isomorphisms, the so called HKR isomorphisms. Let M be a symmetric A-bimodule. In the Hodge decomposition (3.5), we further have H n C(A, M ) r = 0 unless n = r, and H n C(A, M ) = H n C(A, M ) n , i.e. the cohomology is concentrated in the "top component". Now let U be a small category and A : U op −→ CommAlg(k) a presheaf of commutative algebras. We make the following two additional assumptions:
(FS) The algebra A(U ) is an essentially of finite type, smooth algebra for every U ∈ U. (FE) The restriction map u * : A(U ) −→ A(V ) is a flat epimorphism of rings for every u : V −→ U in U.
We obtain the presheaf of differentials Ω A of A on U with Ω A (U ) = Ω A(U) . By (FE), every restriction map u * : A(U ) −→ A(V ) gives rise to a canonical isomorphism A(V ) ⊗ A(U) Ω A(U) ∼ = Ω A(V ) , and thus to a restriction map T A(U) −→ T A(V ) . We thus obtain the tangent presheaf T A of A-modules on U with T A (U ) = T A(U) .
In this section, we prove the following theorem:
Theorem 3.3. Let U be a small category and A : U op −→ CommAlg(k) a presheaf of commutative algebras satisfying (FS) and (FE). There are canonical isomorphisms
where the cohomologies on the right hand side are simplicial presheaf cohomologies.
Let us apply Theorem 3.3 to smooth schemes, generalizing (3.3) and (3.2) (in case Q ⊆ k). Recall that a scheme is called semi-separated if the intersection of two affine open subsets is affine (that is, if the diagonal ∆ : X −→ X × X is an affine morphism). A semi-separating cover of a scheme X is an open affine cover which is closed under finite intersections. A scheme X is semi-separated if and only if it has a semi-separating cover.
Corollary 3.4. Let X be a smooth scheme with a semi-separating cover U. Let O X | U and T X | U be the restrictions to U of the structure sheaf O X and the tangent sheaf T X of X respectively. There are canonical isomorphisms
where the third, fourth and fifth expressions contain simplicial,Čech and sheaf cohomologies respectively.
Proof. Put A = O X | U . The condition (FS) obviously holds since X is smooth. For
between affine opens corresponds to a flat epimorphism O X (U ) −→ O X (V ) so (FE) also holds. Since U consists of affine opens, we have T X | U ∼ = T A . Hence, Theorem 3.3 applies, yielding the first line. Further, we have isomorphisms
Corollary 3.5. Let X be a smooth quasi-compact separated scheme. There is an isomorphism
where HH n (X) is as defined in (3.1) and the cohomologies on the right hand side are sheaf cohomologies.
Proof. This follows from Corollary 3.4 and the isomorphism HH
Remark 3.6. Corollary 3.4 shows that for a smooth, semi-separated scheme, the expression HH n (O X | U ) is independent of the choice of a semi-separating cover U. For X quasi-compact semi-separated (and not necessarily smooth), we actually have 
Here ′ * means the submodule of * consisting of reduced cochains. The above isomorphisms are pointwise, wherein (1) follows by [16, Lemma 4 .1], (2) follows from (3.7). We denote their composition by T .
Since B rC (A(cσ), A(dσ)) r = 0, any class θ σ ∈ H rC (A(cσ), A(dσ)) r is a normalized cocycle on the nose, satisfying θ σ e r (r) = θ σ . We have in turn that θ σ factors uniquely through (f σ ) ⊗r : A(cσ) ⊗r −→ A(dσ) ⊗r . Namely, there exists a unique Θ σ such that the diagram
is commutative. Since θ σ e r (r) = θ σ implies θ σ = Θ σ e r (r)(f σ ) ⊗r , by the uniqueness of Θ σ we obtain Θ σ e r (r) = Θ σ . Thus Θ σ can be viewed as an anti-symmetric multiderivation, i.e. Θ σ ∈ ∧ r T A (dσ), and we have
is the same as d simp , and so
It follows that the spectral sequence collapses at E 2 stage. Hence H n C GS (A) r ∼ = I E n−r,r 2,r and (3.8)
According to the above proof and by the Hodge decomposition of H n C GS (A), any GS cohomology class c GS admits a normalized reduced decomposable representative (θ 0,n , θ 1,n−1 , . . . , θ n,0 ) in the sense that θ n−r,r ∈C n−r,r (A) r and θ n−r,r is reduced for r = 0, . . . , n. In this way, (0, . . . , 0, θ n−r,r , 0, . . . , 0) are all normalized reduced cocycles.
Summarizing, under (FS) and (FE), the explicit Hodge to HKR transition is given as follows. Starting with any GS cohomology class c GS , we choose a normalized reduced decomposable cocycle (θ 0,n , θ 1,n−1 , . . . , θ n,0 ). Each θ n−r,r = (θ σ n−r,r ) σ lifts to a simplicial cocycle Θ n−r,r = (Θ σ n−r,r ) σ uniquely. Let
be the class represented by (Θ 0,n , Θ 1,n−1 , . . . , Θ n,0 ). The correspondence
is bijective.
3.4.
Simplicial cohomology vsČech cohomology. In this section, we describe explicit quasi-isomorphisms between the natural complexes computing simplicial andČech cohomology of presheaves respectively. This will be used in order to change from Toda's construction of first order deformations of schemes to a simplicial counterpart in §5.3. Let U be a poset with binary meets. Meets in U are denoted by the symbol ∩. Let F be a presheaf of k-modules on U. The simplicial cohomology of F is by Proposition 2.9 the cohomology of the reduced complex C
p+1 , denote by ∩τ the meet of all coordinates of τ . Recall that theČech complexČ
• (F ) is given by
F (∩τ ).
AČech p-cochain ψ = (ψ τ ) τ is said to be alternating if (1) ψ τ = 0 whenever two coordinates of τ are equal, (2) ψ τ s = (−1) s ψ τ for any permutation s of the set {0, . . . , p}. Here, we regard τ as a set-theoretic map {0, . . . , p} −→ U, so τ s makes sense. LetČ ′• (F ) be the subcomplex ofČ • (F ) consisting of alternating cochains. It is well known that theČech cohomology can be computed by both complexes.
As sets, N p (U) ⊆ U p+1 , so a simplex σ can be regarded as a sequenceσ by forgetting the inclusions. Conversely, to a p-sequence τ , we associate a p-simplexτ by setting
It is clear that dτ = ∩τ . In §2.2, the notation ∂ i σ is given for any simplex σ. Similarly, ∂ i τ can be defined for any τ ∈ U p+1 . Here we define δ i τ by
Now for any reduced simplicial p-cochain φ and any alternatingČech p-cochain ψ, define
It is easy to check that ι(φ) ∈Č ′p (F ) and π(ψ) ∈ C ′p simp (F ). Lemma 3.7. The above ι and π are morphisms of complexes.
Proof. The fact that π commutes with differential is straightforward. Let us prove ι does also.
For any φ ∈ C ′p (F ) and (p + 1)-sequence τ ,
We first consider ∂ 0 τ s. If
Furthermore, s ′ ranges over S p+1 if s ranges over the set {s ∈ S p+2 | s(0) = j}, and (−1) s = (−1)
Next we consider δ i (τ s).
It is easy to see that δ i (τ s) = δ i (τ r) if s equals r composing the transposition (i − 1, i). It follows immediately that s∈Sp+2 (−1) s φ δi(τ s) = 0 for all i ≥ 1, since (−1) s = −(−1) r . On the other hand,
So ιd simp = dČ ech ι.
Given any τ ∈ U p+1 and 0 ≤ i ≤ p, define θ i (τ ) by
for some permutation t (depending on i, j) with (−1)
Proof. (3) can be proved by induction on j − i. The others are straightforward.
By the definitions of ι, π, we have πι = 1. In order to show they are quasiisomorphisms, we construct a family of maps h = {h p :Č ′p (F ) →Č ′p−1 (F )} p by for all ψ ∈Č ′p (F ) and τ ∈ U p ,
Lemma 3.9. The map h is a homotopy from 1 to ιπ.
Proof. By computation, we have
Let us consider the third equation. We separate the sum as I + II where I corresponds to j = 0 and II to j ≥ 1. Then
(−1)(−1)
= −ιπ(ψ) τ where the numbers (1)-(5) over the signs of equality mean that the equations hold by the corresponding items of Lemma 3.8.
It follows that
and hence 1 − ιπ = hdČ ech + dČ ech h.
Therefore, ι, π induce mutually inverse isomorphisms between H
When U is a semi-separating cover of a scheme X, and F is a sheaf on X, we regard F | U as a presheaf on U. Leray's Theorem tells usȞ
• (U, F ) ∼ = H • (X, F ). We furthermore have isomorphisms
Quasi-coherent modules
For a scheme X, the category Qch(X) of quasi-coherent sheaves on X is of fundamental importance in algebraic geometry. In non-commutative contexts, an important task is to find suitable replacements for this category. For a possibly noncommutative k-algebra A, the category Mod(A) = Mod r (A) of right A-modules is a natural replacement (the choice between left and right is a matter of convention, the category Mod l (A) of left modules is just as valid as a choice, and will now be associated to A op as Mod r (A op ) = Mod l (A)). For an arbitrary small k-linear category a, this definition is generalized by putting Mod(a) = Mod r (a) equal to the category of k-linear functors a op −→ Mod(k) (and Mod l (a) = Mod r (a op )). In non-commutative projective geometry, to a sufficiently nice Z-graded algebra A, one associates a category QGr(A) of "quasi-coherent graded modules", obtained as the quotient of the graded modules by the torsion modules (see [32] , [37] , [36] , [5] for more details and generalizations).
In this paper, we take the "local approach" to non-commutative schemes and consider a presheaf A : U op −→ Alg(k) on a small category U as a kind of "noncommutative structure sheaf on affine opens". Repeating the process by which a quasi-coherent sheaf is obtained by glueing modules on affine opens, we define the category of quasi-coherent modules over A to be Qch(A) = Des(Mod A ), the descent category of the prestack Mod A of module categories on A.
After recalling the definitions of prestacks and their morphisms, and the construction of the descent category Des(C) of an arbitrary prestack C on U in §4.1, in §4.2 we introduce the prestacks of the form Mod A over a prestack A : U op −→ Cat(k) of small k-linear categories, as well as their descent categories Qch(A). Here Mod A has the tensor functors Mod(A(U )) −→ Mod(A(V )) for A(U ) −→ A(V ) as restriction functors (for V −→ U in U). Twisted presheaves and prestacks naturally occur as deformations (see §2.6 and §5.2). They play an important role in the context of algebraic deformation quantization, see [18] , [35] , [40] .
In §4.3 we turn our attention to twisted presheaves A with central twists. In this case, an alternative replacement of the category of quasi-coherent sheaves is described. Since A has an underlying presheaf A (forgetting the twists), we can construct a prestack Pr A whose values are ordinary presheaf categories on the restrictions of A, but where the twists of A are naturally built into the resulting prestack. As descent category, we obtain the category Pr(A) of twisted presheaves, in the spirit of the categories of twisted sheaves considered for instance in [3] . A natural sub-prestack QPr A gives rise to the descent category QPr(A) = Des(QPr A ) of quasi-coherent presheaves. This category is in fact equivalent to Qch(A) (Theorem 4.12).
In §4.4, generalizing the scheme case based upon [8] , we prove that if a prestack A gives rise to exact restriction functors
the category Qch(A) is a Grothendieck abelian category.
In §4.5, we further restrict out attention to what we call a quasi-compact semiseparated prestack A. Roughly speaking, this means that the restriction functors of Mod A are the left adjoints to compatible localization functors, which are themselves exact. In this case, Qch(A) inherits the homological property of flatness [27] , which is crucial for deformation theory (Proposition 4.26).
4.1. Descent categories. Let k be a fixed commutative ground ring. Let U be a small category. A prestack on U is the categorical version of a twisted presheaf of k-algebras. Definition 4.1. A prestack A on U is a pseudofunctor on U taking values in k-linear categories. Precisely, A consists of the following data:
• for every U ∈ U a k-linear category A(U );
• for every U ∈ U a natural isomorphism
These data further satisfy the following compatibility conditions for every triple
Precisely, ϕ consists of the following data:
• for every U ∈ U a k-linear functor g
These data further satisfy the following compatibility conditions for every couple One goes on to define, for morphisms of prestacks ϕ, ϕ ′ : A −→ A ′ , the notion of a modification µ : ϕ −→ ϕ ′ . As such, one obtains a 2-category Prestack(U, k) of prestacks, morphisms of prestacks and modifications. See for instance [20] for further details.
Let B be a prestack on U. A pre-descent datum in B consists of a collection of objects B = (B U ) U with B U ∈ B(U ) together with, for every u :
in B(V ). These morphisms have to satisfy the obvious compatibility with the twist isomorphisms of B when considering an additional v : W −→ V , namely,
The pre-descent datum B is a descent datum if ϕ u is an isomorphism for all u ∈ U.
A morphism of pre-descent data g :
Pre-descent data in B and morphisms of pre-descent data constitute a category PDes(B), with a full subcategory Des(B) of descent data.
The category (P)Des(B) comes equipped with canonical functors
The (pre-)descent category is most useful for prestacks of sufficiently large klinear categories.
Proposition 4.5. Let B be a prestack on U.
(1) All limits which exist in B(U ) for every U , exist in PDes(B) and are computed pointwise (i.e., π V : PDes(B) −→ B(V ) preserves them for every V ). (2) All colimits which exist in B(U ) for every U , and are preserved by u * for every u, exist in PDes(B) and are computed pointwise. (3) All limits and colimits which exist in B(U ) for every U , and are preserved by u * for every u, exist in Des(B) and are computed pointwise (i.e., π V : Des(B) −→ B(V ) preserves them for every V ).
Proof. We first look at the statements concerning limits. Consider a diagram (B i,U ) U,i of pre-descent data. For every U , we obtain the object lim i B i,U ∈ B(U ). The morphisms ϕ i,u : u * B i,U −→ B i,V for u : V −→ U give rise to a limit morphism lim i ϕ i,u :
The resulting (lim i B i,U ) U endowed with the maps ϕ u is seen to define a pre-descent datum. If (B i,U ) U,i is a diagram of descent data, and u * preserves the limit lim i , then ψ u is an isomorphism and so is ϕ u .
Next, we look at the statements concerning colimits. Consider a diagram (B i,U ) U,i of pre-descent data. For every U , we obtain the object colim i B i,U ∈ B(U ). The morphisms ϕ i,u : u
If u * preserves the colimit colim i , then ψ u is an isomorphism, and we put ϕ u = colim i ϕ i,u ψ
The resulting (colim i B i,U ) U endowed with the maps ϕ u is seen to define a pre-descent datum. If (B i,U ) U,i is a diagram of descent data, then ϕ u is an isomorphism. We will make use of the following: (1) ϕ is an equivalence in the 2-category Prestack(U, k);
is an equivalence of categories for every U ∈ U.
In this case, the induced functor Des(ϕ) : Des(A) −→ Des(B) is an equivalence of categories.
4.2.
Quasi-coherent modules. Next we describe our main source of prestacks of affine localizations. Let Cat(k) be the category of small k-linear categories and k-linear functors. Let U be a small category and let A : U op −→ Cat(k) be a prestack of small k-linear categories. For instance, A could be a twisted presheaf of k-algebras (using the natural inclusion Alg(k) ⊆ Cat(k)).
We construct an associated prestack
as follows.
• For U ∈ U, Mod A (U ) = Mod(A(U )), the category of k-linear functors
Mod(A(V )), the unique colimit preserving functor extending u * : A(U ) −→ A(V );
• The twist isomorphisms (c and z) combine the twists in A with the natural isomorphisms between tensor functors. Let us make the construction explicit. Let F ∈ Mod(A(U )). Define F ⊗ u A(V ) by for all B ∈ A(V ),
where ∼ is defined as the equivalence relation generated as follows. For a :
This expresses that the tensor product is taken over A(U ), so the action by morphisms a in A(U ) can be moved through the tensor symbol. In particular, if
,
This is equivalent to say that the isomorphism Mod(z)
We will give the corresponding isomorphism
In fact, according to the above construction, we have
where the first isomorphism is induced by θ Remark 4.8. When A is a twisted presheaf of k-algebras, the category Mod(A(U )) (resp. Mod l (A(U ))) is the same as the category of right (resp. left) modules over A(U ) in the usual sense, and the restriction map − ⊗ u A(V ) (resp. A(V ) ⊗ u −) also coincides with the usual tensor product. So our notations will not lead to misunderstanding. Furthermore, the twists Mod(c)
Definition 4.9. Let A : U op −→ Cat(k) be a prestack. We define the category of (right) modules over A to be
and the category of (right) quasi-coherent modules over A to be
We define the category of left modules over A to be
and the category of left quasi-coherent modules over A to be
, it suffices to study right (quasi-coherent) modules.
4.3.
Quasi-coherent presheaves. In §4.2, we define a category of quasi-coherent modules over an arbitrary prestack of small k-linear categories. In particular, the definition applies to a twisted presheaf of algebras with central twists. In this section, we define a category of "quasi-coherent presheaves" in this special case and we prove that both categories are equivalent.
Let A be a presheaf of k-algebras on U. Denote by Pr(A| U ) the category of presheaves of right modules over A| U . Every morphism u : V −→ U in U induces a functor u * Pr : Pr(A| U ) −→ Pr(A| V ). It is obvious that v * Pr u * Pr = (uv) * Pr for an additional v : W −→ V in U and (1 U ) * Pr = 1 Pr(A|U ) . Thus we obtain a functor
is an A(U )-bimodule homomorphism, and thus
can check the functorial property of M and hence we obtain a presheaf M of right modules over A| U on U/U . Consider the following assignment
In order to make Q U into a functor, associate to an A(U )-module homomorphism g : M −→ N the natural transformationg = {g u } u : V −→U defined bỹ
It is easy to verify that Q U is indeed a functor. Observe that we have the following canonical isomorphism
Lemma 4.10.
(1) The functor Q U is fully faithful for each U .
(2) The square
is 2-commutative. More precisely, there is a natural isomorphism
(2) Straightforward.
Denote by QPr(A| U ) the category of quasi-coherent presheaves over A| U , i.e. the essential image of Q U , which is a full subcategory of Pr(A| U ). By Lemma 4.10 (2), u * Pr preserves quasi-coherent modules. Let u * QPr : QPr(A| U ) −→ QPr(A| V ) be the restriction of u * Pr . By abuse of the notation, the restricted isomorphism
is still denoted by τ u . Our next task is to define quasi-coherent presheaves over a twisted presheaf A with central twists c. In order to adapt to the twist Mod(c) u,v , we have to define an appropriate twist Pr(c) 
Hence we obtain an isomorphism
. A direct computation shows that the condition
is satisfied. Therefore we obtain two prestacks
whose twist functors c are both given by Pr(c), and z given by identity. We define the category of (right) twisted presheaves over a twisted presheaf A with central twists by Pr(A) = Des(Pr A ). and the category of (right) twisted quasi-coherent presheaves by QPr(A) = Des(QPr A ).
Recall that we define Qch(A) in §4.2 for a general prestack A. When restricted to the above situation, let us prove that it is equivalent to QPr(A). Proof. By Lemma 4.10 and Proposition 4.7, it suffices to check that Q : Mod A −→ QPr A is a pseudonatural transformation. Let us first prove (4.1). For any M ∈ Mod(A(U )) and w : T −→ W ∈ U/W , we have that
, when acting on M and w, are equal to the homomorphisms (can
respectively. After composing them, we have
finishing the verification of (4.1). Next we will prove (4.2). This follows from the fact that the twists z U of QPr A are all identity transformations.
Likewise, by considering left modules, we can also introduce Pr 
The Grothendieck property.
One of the important properties of categories of quasi-coherent sheaves on schemes is the Grothendieck property. This property was originally established for quasi-compact quasi-separated schemes in [15] . More recently, a proof for arbitrary schemes was given by Gabber (see [4, Lemma 2.1.7]) and in [8] , the authors present a general proof making use of the category of quasicoherent modules over a ring representation of a quiver. Recall that a Grothendieck category is a cocomplete abelian category with exact filtered colimits and a set of generators. By the Gabriel-Popescu theorem, Grothendieck categories can be considered as additive topoi (see [22] ). The terminology in the following definition is inspired by topos theory:
Definition 4.13. Let U be a small category. A prestack A :
is exact.
In this section, building on the argument from [8] , we prove the following: Theorem 4.14. Let U be a small category and let A be a geometric prestack on U. The category Qch(A) is a Grothendieck abelian category.
We make use of cardinalities. For a small category U, put |U| = U,V ∈U |U(V, U )|. For a small k-linear category a and M ∈ Mod(a), a subset X ⊆ M by definition consists of subsets
Proof. The restriction functor is exact by assumption and preserves all colimits. By Proposition 4.5 (3), it follows that Qch(A) is an abelian category with exact filtered colimits. It remains to show that Qch(A) has a set of generators. Let κ be a cardinal with κ ≥ sup{ℵ 0 , |U|, |A|}. By Proposition 4.16, for every M ∈ Qch(A), U ∈ U, A ∈ A(U ) and x ∈ M U (A), there exists a subobject N ⊆ M in Qch(A) with x ∈ N U (A) and |N | ≤ κ. Let Qch(A) 0 be a skeletal subcategory of Qch(A). Then the objects N ∈ Qch(A) 0 with |N | ≤ κ constitute a set of generators for Qch(A).
Remarks 4.15.
(1) A simplification of the argument shows that for an arbitrary prestack on U, the category Mod(A) is Grothendieck. In fact, it is well known that a stronger property holds, namely Mod(A) has a set of finitely generated projective generators P [27] , [28] ). (2) Making use of cardinalities of objects in Grothendieck categories in the sense of [27] , it is possible to investigate the more general question when a descent category of Grothendieck categories inherits the Grothendieck property. This question will be addressed in [6] .
The main result used in the proof of Theorem 4.14 is the following:
Proposition 4.16. Let U be a small category and let A be a geometric prestack on U. Let κ be an cardinal with κ ≥ sup{ℵ 0 , |U|, |A|}. Consider M ∈ Qch(A) and suppose that X ⊆ M is a subset with |X| ≤ κ. Then there is a subobject N ⊆ M in Qch(A) with X ⊆ N and |N | ≤ κ.
The proof of Proposition 4.16, which will be completed at the end of this section, makes use of the notions of quivers, Cat(k)-representations of quivers, and (quasicoherent) representations over Cat(k)-representations. These notions correspond to part of the data, with part of the axioms defining categories, prestacks on categories, and (quasi-coherent) modules over prestacks respectively. The weaker notions are not used elsewhere in the paper.
A quiver U consists of a set of objects Ob(U) and for U, V ∈ U, a set of morphisms U(U, V ). For a quiver U, a Cat(k)-representation of U consists of the following data:
• for every U ∈ U a small k-linear category A(U );
If for every u : V −→ U in U, the restriction functor
is exact, the Cat(k)-representation A is called geometric. For a Cat(k)-representation A of U, a representation M = (M U ) U over A consists of the following data:
• for every U ∈ U an object M U ∈ Mod(A(U ));
• for every u :
If the morphism ϕ u is an isomorphism for all u ∈ U, M is a quasi-coherent representation. A morphism of (quasi-coherent) representations f : (N U ) U −→ (M U ) U consists of a compatible collection of morphisms f U : N U −→ M U . We thus obtain the category Rep(A) of representations over A and its full subcategory QRep(A) of quasi-coherent representations. A subset X ⊆ M of a representation M consists of subsets X U ⊆ M U for all U ∈ U.
Cardinalities of quivers, Cat(k)-representations, and their (subsets of) representations are defined in complete analogy with cardinalities of small categories, prestacks and their (subsets of) modules.
Obviously, a small category U can be seen as a quiver by forgetting about the composition. The resulting forgetful functor from small categories to quivers has a left adjoint path category functor. For a quiver U, the path category P(U) has Ob(P(U )) = Ob(U) and P(U)(V, U ) = ∪ n∈N P(U) n (V, U ) where P(U) n (V, U ) consists of paths of length n
We have
where 1 U denotes the unique path of length 0 from U to U . The composition in P(U) is given by concatenation of paths, and the paths 1 U are the identity morphisms.
is a prestack on a small category U, then A can be seen as a
Cat(k)-representation of the quiver U. If U is a quiver with Cat(k)-representation A, we define a prestack P(A) on P(U) as follows. For U ∈ U, we put P(A)(U ) = A(U ). For p ∈ P(U)(V, U ) as in (4.4), we put
. Then P(A) becomes a prestack by taking all the twist isomorphisms to be identity morphisms, i.e. P(A) is a presheaf of k-linear categories. We obtain an equivalences of categories Rep(A) ∼ = Mod(P(A)) which restricts to an equivalence 
Lemma 4.19. Proposition 4.16 holds true for A : U op −→ Cat(k) a geometric presheaf of categories, i.e. a geometric prestack with all twists given by identity morphisms, on U = P(e : 2 −→ 1).
Proof. Consider the isomorphism ϕ Proof. Let P(U) be the path category of U, and let P(A) be the associated geometric prestack on P(A). Note that sup{ℵ 0 , |P(U)|, |P(A)|} ≤ κ. Consider the unique extension of M to M = (M U ) U ∈ Qch(P(A)) under the equivalence (4.5). According to Lemma 4.20, there is a subobject N ⊆ M in Qch(P(A)) with X U ⊆ N U for all U and with |N | ≤ κ. Under the equivalence (4.5) , N corresponds to a subobject N ⊆ M in QRep(A) with the desired properties. 
4.5.
Flatness. In the context of deformation theory, the notion of flatness is fundamental. An appropriate notion of flatness for abelian categories was introduced in [27, §3] .
Let C be an abelian category. Let mod(k) be the category of finitely presented kmodules. Recall first that an object C ∈ C is called flat if the natural finite colimit preserving functor −⊗ k C : mod(k) −→ C, k −→ C is exact, and coflat if the natural finite limit preserving functor Hom k (−, C) : mod(k) −→ C is exact. Flatness for abelian categories is a selfdual notion which naturally extends the usual notion of flatness for k-algebras, as the following proposition shows. More generally, it can easily be characterized for an arbitrary abelian category with enough projectives (or, dually, with enough injectives). (1) Let a be a k-linear category. The abelian category Mod(a) is flat if and only if the modules a(A, A ′ ) are flat for all A, A ′ ∈ a. (2) Let C be an abelian category with enough injectives. Then C is flat if and only if every injective object in C is coflat.
In order that the descent category inherits flatness, we restrict our setting.
Definition 4.24. Let C be a prestack on a small category U with pullbacks and binary products. For U, V, W ∈ U, v : V −→ U , w : W −→ U in U, consider the pullback
with u = vw 1 = wv 1 . We call C a prestack of affine localizations if the following conditions are fulfilled for all objects and morphisms involved:
(1) The category C(U ) is a Grothendieck abelian category.
If the abelian categories C(U ) are flat over k for U ∈ U, then so is C ⋆ (⋆) = Des(C).
Proof. Consider a pullback (4.7). By condition (4), we obtain canonical natural isomorphisms w * v * ∼ = v 1, * w * 1 compatible with the pseudofunctor isomorphisms of C. For C ∈ C(U ), this allows the definition of a descent datum u U, * (C) based upon (4.8). The resulting functor u U, * is exact by conditions (2) and (3b) and fully faithful by formula (4.8) 
Since U is finite, the fact that Des(C) inherits flatness is proven like [24, Proposition 3.12].
Definition 4.27. Let U be a poset with binary meets and let A : U op −→ Cat(k) be a prestack on U.
We call A a (right) semi-separated prestack (resp. a left semi-separated prestack ) if the associated prestack Mod If A : U op −→ Alg(k) is a (twisted) presheaf of k-algebras, we call A a (right) semi-separated (twisted) presheaf (resp. a left semi-separated (twisted) presheaf ) if the corresponding prestack is right (resp. left) semi-separated.
If the poset U is finite, we call A a quasi-compact prestack (or (twisted) presheaf).
Note that a semi-separated prestack is geometric in the sense of Definition 4.13. Clearly, in Definition 4.24, conditions (1) and (3b) are automatically fulfilled for C = Mod r A , and the remaining conditions can be made explicit. In particular, for twisted presheaves of k-algebras we obtain: Proposition 4.28. Let U be a poset with binary meets and let A : U op −→ Alg(k) be a twisted presheaf of k-algebras on U. Then A is a right semi-separated twisted presheaf if and only if the following conditions are fulfilled for all U , V , W ∈ U with V ≤ U , W ≤ U :
(i) The restriction map A(U ) −→ A(V ) is a right flat epimorphism of rings.
(ii) We have isomorphisms of A(U )-bimodules
Comparison of abelian deformations
The infinitesimal deformation theory of abelian categories was developed in [27] as a natural extension of the classical Gerstenhaber deformation theory of algebras [9] . The relation between the two theories is best understood by means of the following basic result from [27] : if A is an algebra with module category Mod(A), then there is an equivalence between algebra deformations of A and abelian deformations of Mod(A). This equivalence is given by:
Our first aim in this section is to prove a counterpart of this theorem for twisted presheaves. Precisely, in §5.2, we prove that for A a quasi-compact semi-separated twisted presheaf, there is an equivalence between twisted deformations of A and abelian deformations of Qch(A) (Theorem 5.10). This equivalence is given by:
In §5.1, we briefly recall the necessary background from [27] in order to make our presentation of the proof of Theorem 5.10 self contained. If we compose (5.1) with the isomorphism (2.7), we thus obtain a canonical isomorphism
For our purpose, we instead look at the isomorphism
For X a scheme with a finite semi-separating cover U, taking A = O X | U , the morphism Ψ
On the other hand, if X is furthermore smooth, in [34] , Toda associates to an element
a certain "first order deformation" of the abelian category Qch(X). This is an abelian k[ǫ]-linear category Qch l (X, u), which is not a priori a deformation in the sense of §5.1.
We know from §3 that
so both (5.2) and Toda's construction give concrete ways to interpret a Hochschild 2-class of a smooth scheme in terms of a certain k[ǫ]-linear abelian category. In §5.3, we use the isomorphisms
from §3.3 and §3.4 in order to show that both constructions are equivalent, which in fact holds true for an arbitrary smooth scheme X with semi-separating cover U. Precisely, in Theorem 5.12, we show that if
, there is an equivalence of abelian categories
The proof of the theorem makes use of the intermediate category QPr l (Ō), which was shown to be equivalent to Qch l (Ō) in Theorem 4.12.
In case X is quasi-compact semi-separated, it further follows that Qch l (X, u) is an abelian deformation of Qch(X) in the sense of [27] and the general theory, including the obstruction theory for lifting objects [23] , applies. This is used for instance by Macrì and Stellari in the context of an infinitesimal derived Torelli theorem for K3 surfaces [29, §3] .
5.1. Deformations of abelian categories. The infinitesimal deformation theory of abelian categories as developed in [27] constitutes a natural extension of Gerstenhaber's deformation theory of algebras [9] . In the current paper, we are concerned with first order deformations, i.e. we deform in the direction of the dual numbers k[ǫ]. For abelian categories, we use the notion of flatness from [27, Definition 3.2] (see also §4.1).
For a k[ǫ]-linear category D, we define the full subcategory of k-linear objects
Taking k-linear objects defines a functor from k[ǫ]-linear categories to k-linear categories, which is right adjoint to the forgetful functor. The functor is best behaved when applied to abelian categories. For a flat k-linear category a, let Def lin (a) be the set of first order linear deformations of a up to equivalence. Here, linear deformations are obtained by simply treating a linear category as an algebra with several objects in the sense of [30] (in particular, linear deformations keep the object set fixed, and reduce to algebra deformations when applied to an algebra). The following fundamental result is proven based upon Proposition 5.1:
[27] Let a be a k-linear category. There is an isomorphism
In particular, the deformation of a module category is again a module category. More generally, the following was shown in [27] : 
The proof of the following theorem is based upon lifting localizing Serre subcategories to a deformation. 
According to [27] , the property of a functor being a localization can itself be lifted under deformation under some circumstances. We have the following particular case: 
5.2.
From twisted to abelian deformations. In this section, we present a counterpart to Proposition 5.2 for twisted presheaves of algebras A : U op −→ Alg(k), or, more generally, for prestacks A : U op −→ Cat(k). In Theorem 5.10, we will adopt the setting of Proposition 4.30 in order to do so.
Let U be a small category. For a prestack A : U op −→ Cat(k) of small k-linear categories, first order deformations and equivalences of deformations can be defined in complete analogy with the case of twisted presheaves in Definition 2.20 (see also Def. 3.24 in [25] ). We will refer to these deformations and equivalences as strict deformations and strict equivalences. Let Def s tw (A) be the set of strict deformations of A up to strict equivalence.
It will be convenient to consider a more relaxed notion of twisted deformations as well, based upon equivalences rather than isomorphisms of prestacks (see Proposition 4.7).
A prestack A : U op −→ Cat(R) of R-linear categories is called flat if for every U ∈ U and A, A ′ ∈ A(U ), the R-module A(U )(A, A ′ ) is flat. Theorem 5.10. Let U be a finite poset with binary meets. Let A : U op −→ Cat(k) be a quasi-compact semi-separated prestack on U. Every first order deformation of A is a quasi-compact semi-separated prestack on U. There is an isomorphism Conversely, when B is a first order deformation of A, the inverse construction applied to a Qch(B) yields back a deformationĀ of A which is equivalent to B.
Remark 5.11. Theorem 5.10 holds true for arbitrary infinitesimal deformations in the deformation setup of [27] , as can be shown inductively. Let X be a scheme with a finite semi-separating cover U. From (5.8) we thus obtain a canonical isomorphism (5.9) HH 2 (O X | U ) −→ Def ab (Qch(X)).
For a scheme X with semi-separating cover U, put
In [34] , for a quasi-compact, separated smooth scheme X with semi-separating cover U, Toda associates to an element u ∈ HH 2 HKR (X) a certain "first order deformation" of the abelian category Qch(X). This is an abelian k[ǫ]-linear category, which is not a priori a deformation in the sense of §5.1. Let us give a brief review of Toda's construction. Suppose that u is represented by a triple of cocycles (α, β, γ). He first constructs a sheaf O -modules (defined in analogy with the case of quasi-coherent twisted modules over a scheme, see for instance [3] ). The category is independent of the choice of the cover U and the triple (α, β, γ), up to equivalence.
HKR (X, U), so both (5.9) and Toda's construction give concrete ways to interpret a Hochschild 2-class of a smooth quasi-compact separated scheme in terms of a certain k[ǫ]-linear abelian category. In fact, the conditions on X are necessary for the interpretation in terms of HH 2 (X), but not for the construction of the category Qch(X, u). In this section, we use the isomorphisms (5.10)
from §3.3 and §3.4 in order to show that both constructions are equivalent for a smooth scheme X with semi-separating cover U.
We first return to the more general setup of a presheaf of commutative algebras, and we associate to a GS cocycle a Toda-type deformation. Let A be a presheaf of commutative k-algebras on U, and c GS ∈ H 2 C GS (A). Suppose that c GS is represented by a cocycle (m 1 , f 1 , c 1 ) ∈ C 0,2 (A) ⊕ C 1,1 (A) ⊕ C 2,0 (A).
As before, we assume the cocycle is normalized and reduced. Since A(U ) is not necessarily a smooth algebra, we cannot assume that (m 1 , f 1 , c 1 ) is decomposable. Instead, by Proposition 2.14 we have a weaker decomposition of normalized reduced cocycles, (m 1 , f 1 , c 1 ) = (m 1 , f 1 , 0) + (0, 0, c 1 ). LetĀ be the first order twisted deformation of A determined by the cocycle (m 1 , f 1 , c 1 ). By Proposition 2.24,Ā has central twists, and the underlying presheaf A is the first order presheaf deformation of A determined by the cocycle (m 1 , f 1 , 0). Following Toda's idea, let us give a characterization ofĀ. Recall the complex of presheaves (A • , ϕ • ) defined in §2.3. We define a map F : A ⊕ A 0 −→ A 1 of presheaves by (f 1 , ϕ 0 ), namely, for all U ∈ U,
Equip A(U ) ⊕ A 0 (U ) with the multiplication by We obtain categories QPr(Ā), QPr l (Ā) as defined in §4.3, which are independent of the choice of cocycle, up to equivalence.
